We investigated theoretical considerations in the design of an Earth-based laser interferometer for detecting gravitational waves. Our design envisages a ground-based tracking station in communication with two geosynchronous satellites. We assumed linearized gravitational waves in a Schwarzschild spacetime geometry outside the Earth. Our initial calculations show that such a design is sufficiently sensitive to successfully detect gravitational waves near Earth.
INTRODUCTION
When Einstein developed special relativity, the separate parameters of space and time became inextricably intertwined. The resulting concept of spacetime was further developed when Einstein understood the key to general relativity: gravity is the manifestation of curvature in spacetime. One result of this conceptualization is the existence of gravity waves, propagating ripples of spacetime caused by matter in non-spherical, non-uniform motion. Indirect experimental evidence for their existence has been observed in careful astronomical measurements of a binary pulsar. No direct detection of a gravity wave has been confirmed, but some projects with this goal are underway.
The weak coupling to matter of gravity waves makes direct detection challenging. One potential method is to use interferometers (see Figure 1) . A laser, in red, is shot from L to a beam splitter, B, where it travels to the mirrors that are acting as test masses, M, at the end of each arm. The reflected beams are then recombined (2) for n = 0, 1, 2… and light wavelength λ. Since the speed of light is constant, if the arms change length the path of the light will lengthen or shorten depending on the change. This change will cause the sum of the light waves and the amount of interference to change.
In order to understand how gravity waves will affect the interferometer, it is useful to first know more about them. Metrics of geometries close to flat spacetime, g α β , can be written
where h α β (x) is a metric perturbation to the flatspace metric, η α β . Gravity waves are only perturbations to flat spacetime so their forms can be well approximated using the linearized approximation to the vacuum Einstein equation [1] . The resulting linearized gravitational wave perturbation is This equation shows that longer arms will cause greater changes in the interference pattern allowing the interferometer to be more sensitive.
Several projects with the intent of detecting gravity waves are in various stages of completion. An interferometer similar to the one described above called LIGO, short for Laser Interferometer Gravitational (Wave) Observatory, is currently in its initial operational stages [2] . The disadvantage of this interferometer is that the arms are relatively short, although this has been improved upon by adding partially reflecting mirrors that effectively lengthen the arms of the interferometer. Another gravitational wave observatory based on interferometric principles that solves this problem called LISA, short for Laser Interferometer Space Antenna, has been proposed for launch into space in 2011 [2] . In space, the lengths of the arms are only limited by the power of the laser. The disadvantage of this interferometer is that once it is launched, it will be very hard to reach if problems occur or it needs technological updates. The interferometer proposed in this paper was intended to solve both of these issues. This interferometer would be based on the interferometer in Figure 1 , but the test masses at the ends of the arms would be satellites with mirrors in geosynchronous orbits. This allows the arms to be about 40,000 kilometers long while keeping most of the equipment on or relatively near Earth where it can be easily repaired or updated.
II. EARTH'S SPACETIME CURVATURE
The reason the spacetime curvature produced by Earth won't prevent the operation of the interferometer is that the paths of the lasers are equivalent. To understand this, the design of the interferometer must be more clearly defined. Let Earth be centered on the origin of a Cartesian coordinate system with the equator on the 0 z = (see Figure 2) . The point on the Earth's equator where beam splitter B lies, along with the Earth's center, defines the x-axis. Let the satellites, S, be placed at points in the Earth's equatorial plane that are equidistant from the beam splitter, B, such that angle SBS is a right angle. To a very good approximation, the Earth can be treated as spherically symmetric. A special metric exists for spacetime near a spherically symmetric mass M, called the Schwarzschild metric: (6) When the origin of such a coordinate system is centered on Earth, θ corresponds to latitude in radians with θ = 0 pointing at one pole and θ = π at the other, while ϕ corresponds to longitude in radians with ϕ = 0 pointing at the positive x -axis. The radius measured from the origin is r. Figure 2 
Since the flatspace distance from the origin to each satellite is the same, equation (8) implies the distances in Schwarzschild space must also be the same. The light reflected from the satellites also ends at the same point, the beam splitter. Because of the symmetry of this design, ∆ϕ along each arm must also be exactly the same, but it should also be clear that distance in the Schwarzschild metric is only dependant on the change in ϕ, not the specific values of ϕ. This implies the arms must be of exactly the same length and beams traveling down each arm must be traveling exactly equivalent paths. This means that the spacetime curvature produced by Earth will not effect the operation of this interferometer.
III. LENGTH OF ARMS IN FLATSPACE
To determine the sensitivity of the interferometer, it is necessary to find the length of the arms in flatspace. The radius of a geosynchronous orbit, R 0 , must first be found by setting the centripetal force [3] acting on a satellite of mass m traveling at a tangential velocity v equal to the Newtonian gravitational force [3] on it due to the mass of Earth, M:
Relativistic mechanics are not necessary for this calculation because space is flat and speeds involved are not significant compared to the speed of light. The satellites are geosynchronous, so they orbit Earth once per sidereal day, a day with respect to the distant stars instead of the sun. A sidereal day is about four minutes shorter than a solar day [4] . This information can be used to calculate the angular velocity of the satellite, ω = π/43080 radians/s. The tangential velocity is simply the angular velocity multiplied by the radius of orbit [3] . Substituting for v into equation (9) [3] . Now the length of the arms can be calculated geometrically by choosing the origin of a Cartesian coordinate system to be at the beam splitter with the arms along the x-and y-axes in the z = 0 plane (see Figure 3) . 
IV. LENGTHS OF ARMS IN SCHWARZSCHILD GEOMETRY
To see how the mass of Earth affects the lengths of the arms, these lengths will be calculated in the Schwarzschild geometry. This calculation will be eased by allowing the center of a Cartesian coordinate system to coincide with the center of Earth and with one of the satellites on the x-axis, as shown in Figure  4 . Then let vector B = -c, of magnitude R, point from the origin to the beam splitter and vector S of magnitude R 0 points from the origin to the satellite on the x-axis. Another useful tool in this calculation is a line of the form y = mx + b that describes the straight path through beam splitter and the satellite on the x-axis. For reference, the parameter for the flat space lengths of the arms, k, has been included in Figure 4 .
It has already been noted that the laser paths are identical in the Schwarzschild coordinates, so finding the new value for length k in this geometry of the arm near the x-axis will be sufficient for both. Since dt = dθ = 0, the Schwarzschild line element in equation (7) Taking the square root of equation (17) and rearranging gives the result,
Although this is not immediately solvable, if the line of the beam can be parameterized in terms of r and ϕ then it will be possible to integrate the equation. Before the line can be written in spatial spherical polar coordinates, it must be found in spatial Cartesian coordinates. This equation is manageable by a computer, so it was programmed into the software, MATLAB, and solved numerically using the "quadl" command [6] with the result ∆L S ≈ 0.00442 m. << k. The length of the arm in the Schwarzschild geometry was then calculated to be L Z ≈ ∆L Z + k ≈ k = 3.74 × 10 7 m.
V. SENSITIVITY OF THE INTERFEROMETER
To find out if the interferometer can detect gravity waves, its sensitivity must be calculated. It has been shown the spacetime curvature caused by Earth is insignificant in the lengths of the arms. Another consideration is what affect the rotation of Earth would have on this length. It can be shown rotation's effects on curvature are smaller than those found using the Schwarzschild metric, so these effects can be ignored. This means the spacetime curvature near Earth is small enough that spacetime can be approximated to be flat. Thus the gravitational wave equations already calculated in section four are accurate in this situation.
To calculate the sensitivity of the interferometer, return to the arrangement of the interferometer with respect to the coordinate system in Figure 1 . Assume that this is the z = 0 plane and that a gravity wave is propagating in the z-direction. Choose the initial time, t = 0, such that δ = 0 and let the flatspace length of the arms be L * ≈ k. Let
since that is the expected amplitude of gravity waves that will be detectable on Earth [1] . In this situation, equation (4) can be used to calculate the maximum difference in the lengths of the arms, ∆L MAX , when a gravity wave passes with the maximum occurring when sin(ωt) = 1. It is more useful to use the wavelength of the laser, λ, to calculate the fraction of a wavelength the lengths of the arms will change, f. For a typical Helium-Neon laser, λ ≈ 633 × 10 -9 m, the fraction is 8 * 10 91 . 5
Because of the partially reflecting mirrors, the effective lengths of LIGO's arms are L * ≈ 8 × 10 5 m [7] . Substituting this value into equation (35) gives the result f LIGO ≈ 1.26 × 10 -9
. It is reported [1] that the initial LIGO detector will be able to detect f LIGO, reported ≈ 10 -9
, so these values are consistent. If the proposed interferometer were operating with equipment similar to LIGO's such that it was capable of detecting f ≈ 10 -9 , then it would be able to detect gravity waves of a ~ 10 -21
. Table 1 is a partial reproduction of the table found on page 171 of Bartusiak [7] of expected rates of gravitational wave detections that LIGO will make.
CONCLUSION
The proposed interferometer can be expected to successfully make a gravitational wave detection given enough time according to the theoretical considerations made. Since it is more sensitive than LIGO, it would also make more detections than those expected as listed in Table 1 . It is also a safer expenditure than LISA because it is repairable and updatable. Thus the interferometer is at least worth further investigation.
The next step in making this interferometer a reality would be to consider the experimental issues. Many of these have already been solved in the process of creating LIGO and LISA, but it will also provide new challenges. LIGO's arms are contained in tubes that are not practical for this interferometer. On the other hand, LISA's arms will be in the vacuum of space. Interactions with Earth's atmosphere will introduce difficulties that neither of these other two interferometers encountered. 
